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It is proposed that the energy-momentum expectation values of flavor states should be identified with
the missing energy-momentum of neutrino processes so that the conservation of energy-momentum
can be strictly imposed. It is also observed that there is a plausible condition to express neutrino
mixing angles in terms of neutrino masses without invoking symmetries.
I. INTRODUCTION
One of the most mysterious puzzles in the neutrino
physics is the issue of the energy-momentum conserva-
tion in the processes involving neutrinos. The mystery
stems from the mismatch between (interacting) flavor
eigenstates and mass eigenstates, even though the con-
cept of neutrinos is born out of respecting the princi-
ple of energy-momentum conservation. Normally mass
eigenstates, which carry energy-momentum, are sup-
posed to be physically observable, but not in the neu-
trino case, in which neutrinos are not directly observed.
The existence of a neutrino is inferred by observing a
charged lepton partner with missing energy-momentum.
In this sense, flavor neutrino states are “observable.”
So, we assume that a neutrino is produced as a coher-
ent linear combination of mass eigenstates1. This in
turn is also necessary to justify the observed neutrino
oscillations[1]. If mass eigenstates are individually pro-
duced, we might observe mutations of flavor states, but
not oscillations. The trouble now is that flavor states are
not energy-momentum eigenstates; it is believed that im-
posing energy-momentum conservation needs to be done
in terms of mass eigenstates. In the standard derivation
of the neutrino oscillations, often a common energy or
momentum for all mass eigenstates is used[2]. This is
rather unsatisfactory or could be actually incorrect[3][4].
The conservation of energy-momentum is one of the most
fundamental principles in physics, so it should not be cir-
cumvented.
Some efforts are made to ensure the energy-momentum
conservation. For example, in [4], an entangled state be-
tween simultaneously produced particles in the neutrino
production process is constructed as a Hamiltonian eigen-
state, whose energy-momentum is just the sum of those
of produced particles as mass eigenstates. So the energy-
momentum conservation is respected by the individual
mass eigenstate channels separately. In this Letter we
propose another way of imposing the energy-momentum
conservation. A general quantum state which is a linear
combination of Hamiltonian eigenstates is not an Hamil-
tonian eigenstate. However, it does not mean its energy-
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1 Our practical definition of a coherent state is that it behaves like
a single particle state.
momentum expectation value cannot be computed. We
claim that this expectation value should be identified
with the energy-momentum of a flavor state such that the
energy-momentum conservation can be strictly imposed
when this is identified with missing energy-momentum of
a neutrino process. This is possible even though flavor
neutrino states are not mass eigenstates because neutri-
nos are not directly observed.
II. ENERGY-MOMENTUM OF A GENERAL
QUANTUM STATE
The folklore of Quantum Mechanics is that only eigen-
values are measurable quantities. However, this is not a
complete story. Let us consider a quantum state that is
a linear combination of two different energy-momentum
eigenstates
|ψ〉 = c|E1, ~p1〉+ s|E2, ~p2〉, (1)
where c2 + s2 = 1. We can compute energy-momentum
expectation values as
E ≡ 〈ψ|H|ψ〉 = c2E1 + s2E2 (2a)
~p ≡ 〈ψ|~p|ψ〉 = c2~p1 + s2~p2. (2b)
Note that these are not the usual measurable quantities
in QM since |ψ〉 is not an eigenstate. However, here we
claim that these expectation values should be counted
as measurable quantities as well, not just eigenvalues,
if a quantum state is a coherent linear combination of
eigenstates and identifiable, e.g. a flavor neutrino state.
This is particularly acceptable in the neutrino case be-
cause energy-momentum of a neutrino is never directly
measured, but inferred as missing energy-momentum of
a process. Therefore, even though |ψ〉 is not an energy-
momentum eigenstate, we can safely express and call it
an effective energy-momentum state as
|E, ~p〉eff ≡ |ψ〉. (3)
The difference between an eigenstate and the state like
|ψ〉 is in the mass. We can even define an effective mass
of |ψ〉 as
m2eff(E, ~p) ≡ E2−p2 = c4m21+s4m22+2c2s2(E1E2−~p1·~p2).
(4)
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2Note that this mass is not constant but dependent on
(Ei, ~pi), which indicates that this quantum state is not
a mass eigenstate. Nevertheless, it is not wrong to use
(E, ~p) as energy-momentum for such a quantum state.
III. ENERGY-MOMENTUM OF NEUTRINO
STATES
In the neutrino physics, a neutrino is not directly ob-
served, neither is its energy-momentum, but only de-
termined as missing energy-momentum in the process.
Thus it leads to an ambiguity of determining energy-
momentum of mass eigenstates since they cannot have
both identical energy and identical momentum if their
masses are different. We claim that once this miss-
ing energy-momentum is identified with the energy-
momentum expectation value of a flavor state, this am-
biguity can be avoided. This also ensures strict energy-
momentum conservation in the neutrino processes.
In the three-neutrino case (we will drop the “eff” sub-
script when it is obvious)
|ν`;E`, ~p`〉 = U`j |νj ;Ej , ~pj〉, (5)
where the matrix U ≡ (U`j) is the PMNS matrix[1]. Then
we can compute the energy-momentum expectation val-
ues in terms of the energy-momentum of mass eigenstates
as before such that
E` = P`jEj , ~p` = P`j~pj (6)
where
P`j ≡ |U`j |2, P ≡ (P`j). (7)
Note that even though flavor states are not mass eigen-
states, their energy-momentum expectation values do not
change as long as flavor states remain to be coherent
states of mass eigenstates. So the energy-momentum ex-
pectation values of all three flavor states can be deter-
mined: one at production and the other two at detection.
Now the energy-momentum of mass eigenstates can be
determined in terms of determined values of flavor states
as
Ej = P
−1
j` E`, ~pj = P
−1
j` ~p`, (8)
where
P−1j` ≡ (P−1)j` invertible if detP 6= 0. (9)
There are the same number of unknowns and knowns
except the mixing angles, so there is no ambiguity and
we don’t have to make any assumptions on the energy-
momentum values of mass eigenstates.
The masses now should satisfy
m2j =
(
P−1j` E`
)2
−
(
P−1j` ~p`
)2
. (10)
Once the PMNS matrix is known, these masses can
be uniquely determined in terms of measured missing
energy-momentum of flavor neutrino states.
IV. NEUTRINO OSCILLATIONS REVISITED
Since we know three mass eigenstates can carry dif-
ferent energy-momentum (also see [3]), we need to re-
examine the neutrino oscillation formula. A neutrino is
produced as a coherent flavor state in a linear combi-
nation of three mass eigenstates. As it propagates, the
Hamiltonian evolution is to take place according to each
mass eigenstate independently. Thus the evolved coher-
ent state arriving at a detector located at distance L will
have a form of
|ν`; tj , L〉 = U`j ei(pjL−Ejtj)|νj ;Ej , ~pj〉 (11)
Contrary to the standard derivation, we use different ar-
rival time tj for different mass eigenstates because each
mass eigenstate propagates with possibly different speed.
Then the probability amplitude to observe another flavor
state is no longer zero but
〈ν`′ |ν`; tj , L〉 =
∑
j
U∗`′jU`j e
i(pjL−Ejtj). (12)
Since time tj cannot be directly measured, we should
eliminate so that L = vjtj will lead to
pjL− Ejtj = −
m2jL
Ej
(
1 +O (m2j/E2j )) . (13)
Now neutrino oscillation probability is
P (ν` → ν`′) =
∑
j,j′
U`′j′U
∗
`j′U
∗
`′jU`j exp
{
iL
(
m2j′
Ej′
− m
2
j
Ej
)}
.
(14)
The exponential part can be easily turned into the stan-
dard one by simply rescaling energies and masses as
exp
(
iL
∆m˜2j′j
2E
)
, (15)
where
2E = αjEj , m˜
2
j = αjm
2
j . (16)
So, in this sense our oscillation formula is equivalent to
the standard one.
In the standard derivation, the factor 2 in front on
E appears due to setting the arrival times for all mass
eigenstates the same. However, as was argued in [6][5],
this factor is ambiguous, which leads to the ambiguity
of experimental neutrino masses. (Also see [7] to test
this factor.) In our case, in principle there is no such
ambiguity of determining masses (see eq.(10).
V. MIXING ANGLES IN TERMS OF MASSES
Having introduced a method to impose strict energy-
momentum conservation, we can observe another inter-
esting outcome. Let us first consider two-ν case as warm-
up. In this case, two flavor states are given in terms of
3two mass eigenstates (ml < mh) as(
ν`
ν`′
)
=
(
c s
−s c
)(
νl
νh
)
, (17)
then
P ≡
(
c2 s2
s2 c2
)
. (18)
The effective masses, eq.(4), are given by
m2eff,` = µ` + 2c
2s2(ElEh − ~pl · ~ph), (19a)
m2eff,`′ = µ`′ + 2c
2s2(ElEh − ~pl · ~ph), (19b)
where
µ` ≡ c4m2l + s4m2h, (20a)
µ`′ ≡ s4m2l + c4m2h, (20b)
The behavior of m2eff,` w.r.t. x ≡ Eh/El is interest-
ing. Assuming ~pl and ~ph are colinear, m
2
eff,` minimizes
at x ≡ Eh/El = mh/ml and asymptotically approaches
a straight line as x ≡ Eh/El →∞. This asymptotic tra-
jectory intercepts at µ` hypothetically extending to the
x → 0 limit. The interesting fact is that µ` minimizes
w.r.t. s2 at
s2 =
m2l
m2h +m
2
l
(21)
such that
µ`,min =
m2hm
2
l
m2h +m
2
l
. (22)
One could ask what about minimizing µ`′ . In conclu-
sion, it is redundant. µ`′ minimizes at s
2 = m2h/(m
2
h +
m2l ), which is different from eq.(21) such that µ` and µ`′
do not minimize under the same condition. At this s2
value, µ`′,min = µ`,min. Therefore, we only need to min-
imize one of them. Which one to choose to minimize?
It is just a convention, the other one is redundant. If
ml = mh, s = c such that detP = 0. For our assump-
tion ml < mh, i.e. s < c, we choose to minimize µ`
such that s2 < 1/2 and µ` < µ`′ . With this choice, in
the mh/ml →∞ limit, eq.(21) is nothing but the seesaw
condition such that meff,` is of the order of ml and meff,`′
of mh.
This observation motivates us to expect that in the
three-ν case the mixing angles also may be expressed in
terms of masses. Using the standard notation in [1](for
argument sake, we neglect the CP-phase), we can com-
pute the effective masses as
m2eff,` = (P`jEj)
2 − (P`j~pj)2 (23a)
= µ` +
∑
j 6=j′
P`jP`j′ (EjEj′ − ~pj · ~pj′) , (23b)
where
µe = c
4
12c
4
13m
2
1 + s
4
12c
4
13m
2
2 + s
4
13m
2
3, (24a)
µµ = (s12c23 + c12s23s13)
4
m21 + (c12c23 − s12s23s13)4m22
+ s423c
4
13m
2
3, (24b)
µτ = (s12s23 − c12c23s13)4m21 + (c12s23 + s12c23s13)4m22
+ c423c
4
13m
2
3 (24c)
As before in the two-neutrino case, we will minimize µ`’s.
Note that µµ and µτ are related by swapping s23 and c23
as well as flipping the sign of s13, so they are equivalent
for our purpose. We just need to minimize µe and µµ.
Minimizing µe w.r.t. s
2
12 leads to
s212 =
m21
m21 +m
2
2
. (25)
This is just reminiscence of the two-ν case, which enables
us to choose m2 > m1. Minimizing µe w.r.t. s
2
13 leads to
s213 =
c412m
2
1 + s
4
12m
2
2
c412m
2
1 + s
4
12m
2
2 +m
2
3
=
m21m
2
2
m4
, (26)
where eq.(25) is used for the latter equality and
m4 ≡ m21m22 +m22m23 +m23m21. (27)
Minimizing µµ is somewhat involved. Let’s first look
at the behavior w.r.t. s23, which is missing from the µe
case. It leads to a cubic equation with both positive and
negative roots; the most positive root is what we need
because we demand s23 > 0[8]. In addition, s13 > 0 by
convention, the minimum of µµ we look for is at
s223 =
m42
(m21 +m
2
2)(m
2
2 +m
2
3)
, (28)
provided
m23 >
m21m
2
2
2m22 −m21
. (29)
This can happen for both normal hierarchy, i.e. m3 >
m2 > m1, and inverted hierarchy, i.e. m2 > m1 > m3. If
m3 does not satisfy eq.(29), which happens only for the
inverted hierarchy, then
s223 =
(m22 −m21)2m4
(m22 −m21)2m4 + (3m21m22 −m4)2
(30)
Note that s223 ∝ (m22−m21)2 → 0 as m1 → m2, less likely
but not entirely rule out.
We have chosen to use a local minimum of µµ w.r.t.
s23 because µe is minimized w.r.t. s12 and s13 such that
µµ’s behavior w.r.t. s12 and s13 is expected to lead to
redundant conditions as in the two-ν cases.
To compare to the measured values we need to use
eq.(16) such that these mixing angles need to be ex-
pressed in terms of experimental values of masses, m˜j .
This will determine the scale factors αj in terms of mea-
sured mixing angles and m˜j , and that unambiguous neu-
trino masses can be determined.
4VI. FINAL REMARKS
We have demonstrated that flavor neutrino states, not
just mass eigenstates, can carry energy-momentum, and
that strict energy-momentum conservation can be im-
posed on the neutrino processes in terms of this. Of
course, this does not mean that propagators can be de-
fined for flavor states because the effective masses are
not constants. It is also noted that experimentally deter-
mined neutrino masses are ambiguous since they depend
on the neutrino oscillation formula. In our case, in prin-
ciple this ambiguity can be avoided. Once mixing angles
are determined experimentally even using the standard
oscillation formula, masses, mj , can be determined by
the specific relationship to the energy-momentum of fla-
vor states. The only experimental difficulty is to deter-
mine energy-momentum of all three flavor states from the
same beamline.
We have also observed an interesting byproduct based
on the effective masses of flavor states we have defined:
neutrino mixing angles may be expressed in terms of
masses without invoking symmetries. Of course, it will
be interesting to check if there is any associated symme-
tries to make our conjecture more reasonable. One caveat
in our case is that the masses relevant for symmetries are
mj , not m˜j , because mj should be the neutrino masses
in the lagrangian. If we accept our expression of mixing
angles in terms of mj , we can avoid the aforementioned
experimental difficulty. We can just use the standard os-
cillation data once completed, which will determine sij
and m˜j . They can be in turn used to determine αj and
that the real neutrino masses mj .
It is generally believed that at sufficiently long distance
mass eigenstates, traveling at different speeds, would be-
gin to fall apart enough such that they are no longer
coherent to form a flavor state[9]. This type of phe-
nomena is called the decoherence[10][11]. Detected fla-
vor states now will inherit the energy-momentum of the
corresponding mass eigenstate only so that the detected
energy-momentum of a flavor state is not necessarily the
same as the produced one. One may wonder if this vio-
lates energy-momentum conservation since the measured
final state does not match the missing energy-momentum
of the neutrino production. Note that this decoherence in
the neutrino case is an irreversible non-unitary process.
So it does not violate the energy-momentum conservation
in that.
In this Letter, We have neglected the CP-violating
phase, but it is straightforward to include that: µµ and
µτ will depend on the phase. Note that we have con-
sidered only energy-momentum conservation in vacuum.
Nevertheless, we expect that the same idea can be ap-
plied to the cases with neutrino processes in matter. The
details will be presented elsewhere.
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